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1. Introduction
Spanning trees are the cheapest way to maintain connectivity. However, for some
applications, connectivity is not enough: Rather is it desirable that distances in the tree
are not much larger than distances in the original graph, for every pair of vertices. This
yields the concept of additive or multiplicative tree spanners, see [1,3,8,10{12,15].
In applications where it is important that every vertex can reach every other as
quickly as possible, one might look for spanning trees where the eccentricities eccG(x)=
maxy dG(x; y) and eccT (x) =maxy dT (x; y) do not dier too much, for every vertex x.
That is, a distance dT (x; y) much higher than the original one dG(x; y) may be tolerable,
provided this new distance is not much larger than the worst distances eccG(x) and
eccG(y) in G. Such an application might be where locations measure their degree of
centrality by means of their eccentricity and would not tolerate an increase by too
much. For integers k>0, a spanning tree T is called eccentricity k-approximating if
eccT (x)− eccG(x)6k for every vertex x of T .
Every additive tree k-spanner is eccentricity k-approximating. Therefore, eccentric-
ity k-approximating spanning trees can be found in every interval graph for k = 2
[8,12,15], asteroidal-triple free graph for k = 3 [8], strongly chordal graphs for k = 3
[1]. However, for every k there is a chordal graph without tree k-spanner [8,15]. With
the slightly weaker concept of eccentricity-approximation, we are successful even for
chordal graphs.
Theorem 1. Every connected chordal graph has some eccentricity 2-approximating
spanning tree.
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Fig. 1. A chordal graph and its levels of eccentricities.
Besides the basic distance and eccentricity, we need a few more denitions concern-
ing distance in graphs. Let G be a connected graph. The radius r(G) is the shortest
eccentricity occurring in G, and the diameter diam(G) the largest. The vertices of ec-
centricity r(G) induce the center C(G) of G. We call two vertices x and y diametral
if dG(x; y) = diam(G).
2. The basic idea
Nandakumar showed (cf. [2, Theorem 7:19]) that a graph G has an eccentricity
0-approximating spanning tree if and only if
(1) (C(G)=K1 and 2r(G)− diam(G)= 0) or (C(G)=K2 and 2r(G)− diam(G)= 1),
and
(2) every vertex x with eccG(x)>r(G) has some neighbor y of eccentricity
eccG(y) = eccG(x)− 1.
Provided these conditions are fullled, the construction of such a tree is rather easy.
For i>0, let Vi denote the set of vertices of the graph G that have eccentricity i. We
get a partition V = Vr(G); Vr(G)+1; : : : ; Vdiam(G). Clearly, no edge connects vertices of
sets Vi; Vj for ji− jj>2. Condition (2) then reads as every vertex in Vi with i> r(G)
is adjacent to some vertex of Vi−1. Then we connect every vertex x in Vi; i> r(G)
with such a neighbor f(x) in Vi−1, and join both central vertices by an edge, in case
of C(G) = K2, to obtain a spanning tree of G which is easily seen to be eccentricity
0-approximating.
We want to mimic this construction for chordal graphs. Condition (1) is not true
there, but all we really need is that centers of chordal graphs are connected and allow
some spanning tree of small diameter (at most 4, in fact) [6,14]. Condition (2) may
also fail for chordal graphs, as can be seen in Fig. 1. However, it turns out that it
is almost true | it can only be violated in the level r(G) + 1, and only in case
2r(G) = diam(G), as will be shown in Lemma 5.
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3. Tree-representations
From now on, let G be a connected chordal graph. We use the fact that every chordal
graph G = (VG; EG) is the intersection graph of some family (Rx: x2VG) of subtrees
of some host tree R= (VR; ER) [7]. For integers t>1, dene Rtx:=
S
y=dG(x;y)6t−1 Ry. It
is easy to see that each Rtx is a subtree of R.
Lemma 2 (Prisner [13,14]). For vertices x; y2V; Rix \Rjy 6= ; if and only if
dG(x; y)6i + j − 1.
V : Note that 2r(G) − diam(G) is one of the values 0, 1, or 2 for chordal graphs
[5]. The constructions are slightly dierent for these three cases.
Since the center of every chordal graph is connected, the union U of all representa-
tives of central vertices must be connected too. However, knowledge of U alone does
not determine the center of G | there may be noncentral vertices whose representative
tree is contained in U .
If 2r(G) − diam(G)> 0, then every two trees Rr(G)x and Rr(G)y , x; y2V , have
nonempty intersection. Since subtrees of a xed tree have the Helly property,
F =
T
x2 V R
r(G)
x is a nonempty subtree of U . Actually, F determines the center of G
in the following way.
Proposition 3 (Prisner [14]). Let G be chordal with 2r(G)− diam(G)> 0. A vertex
z is central if and only if Rz \ F 6= ;.
If 2r(G) = diam(G), then Rr(G)x and R
r(G)
y are disjoint for every pair of diametral
vertices x; y2V . But the representative tree of every central vertex intersects both these
trees, thus it must contain the subpath of T connecting Rr(G)x and R
r(G)
y . We dene W as
the union of all these subpaths, for all pairs of diametral vertices x and y. It has been
shown in [14] that only distances to diametral vertices have to be taken into account to
compute the eccentricity of a vertex. Therefore we get the following characterization.
Proposition 4. Let G be chordal with 2r(G)− diam(G) = 0. A vertex z is central if
and only if W Rz.
4. The construction
Now, we are able to dene f(x) for every noncentral vertex x that is not adjacent
to any central vertex, i.e., for every vertex outside N [V (C(G))]. Then Rx and U are
disjoint. In particular, Rx \W = ; in case 2r(G) = diam(G), and Rx \ F = ; in case
2r(G) − diam(G)> 0. Let P be the path between Rx and W , respectively F . Among
all neighbors of x, let f(x) be that where Rf(x) covers the largest part of P | ties are
broken arbitrarily.
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Next, we dene a spanning tree TC inside C(G). If 2r(G)> diam(G), there must be
some complete subgraph DV (C(G)) dominating the center [6,14]. Then let z0 be any
vertex of D, and let TC be the breadth rst tree of z0 in C(G). We get diam(TC)64
and eccTC (z0)62. In case 2r(G) = diam(G) we may choose any central vertex as z0.
By Proposition 4, C(G) is complete then, and we take the star with center z0 as TC .
Finally, we dene f(x) for every noncentral vertex x adjacent to some central vertex.
If xz0 2E, then we choose f(x) = z0. If xz0 62 E but there is some central vertex y
adjacent to both x and z0, then we choose f(x)=y. Otherwise f(x) may be any central
vertex adjacent to x.
It is obvious that TC , together with all edges xf(x); x 62 V (C(G)), is a spanning
tree of G, which we denote by T . After some preparations in Section 5, we shall show
in Section 6 that T is eccentricity 2-approximating.
5. Modication of condition (2)
Lemma 5. (a) eccG(f(x)) = eccG(x)− 1 for every x with eccG(x)>r(G) + 1.
(b) If 2r(G)− diam(G)> 0; then eccG(f(x)) = r(G) for every vertex x of eccen-
tricity r(G) + 1.
(c) If 2r(G) = diam(G); then f(x) is central or f2(x) = z0; for every vertex x of
eccentricity r(G) + 1.
Proof. Case 1: Let x be any noncentral vertex not adjacent to any vertex of C(G).
Let a be end vertex of Rx and b those end vertex of U separating Rx from U .
Case 1.1. b2Rf(x). Then Rf(x) \ U 6= ;, and f(x) must be adjacent to some cen-
tral vertex of G. Then eccG(f(x)) = r(G) + 1, since f(x) is not central, whence
r(G) + 16eccG(x)6r(G) + 2. If eccG(x) = r(G) + 2, then (a) holds, so assume
eccG(x)= r(G)+1, in what follows, in Case 1.1. Then R2x intersects every set R
r(G)
y by
Lemma 2.
In case 2r(G)=diam(G), this implies W R2x , thus, there are neighbors of x whose
representative trees intersect W . Then f(x) has to be chosen such that Rf(x) intersects
W . By Proposition 4, f(x) must be adjacent to all central vertices. Since f(x) is not
central and by the choice of f, it follows that f2(x) = z0.
Now, let us assume 2r(G)− diam(G)> 0 and eccG(x) = r(G) + 1. Then R2x \ F =
R2x \
T
v2 V R
r(G)
v is, as intersection of pairwise intersecting subtrees, nonempty, by the
Helly property of subtrees of a tree. This implies that x has some neighbor whose rep-
resentative tree intersects F , thus, by Proposition 3, a central neighbor, a contradiction
to the assumption of Case 1. Therefore this combination cannot occur.
Case 1.2: b 62 Rf(x). In that case, we claim eccG(f(x)) = eccG(x)− 1. Let v be any
vertex of G not adjacent to f(x). Then Rv lies in one of the connected components of
R− Rf(x).
First, we treat the case where Rv lies in that component Q containing U .
Let x= x0; x1; : : : ; xt = v be some shortest x{v path, and let s be the lowest index such
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that Rxs and Q have nonempty intersection. Then Rxs \ Rf(x) 6= ;. Therefore x; f(x);
xs; : : : ; xt=v is also a path. But by the choice of f(x), s is at least 2, thus dG(f(x); v)<
dG(x; v)6eccG(x).
The other case is where Rv lies in any of the other components of R − Rf(x),
say in Q0. We choose any vertex s in the center C(G), and any shortest s{v path
s = s0; s1; : : : ; sp = v. Let q>1 be the smallest index such that Rsq and Q
0 have non-
empty intersection, again Rsq\Rf(x) 6= ;. Then dG(f(x); v)6dG(s; v)6r(G)< eccG(x).
Thus, in any case eccG(f(x))< eccG(x), but the dierence of both eccentricities is at
most 1, since x and f(x) are adjacent.
Case 2: Assume x is noncentral, but adjacent to some central vertex. By the con-
struction, f(x) is central.
In case 2r(G)− diam(G) = 1, peripheral vertices are slightly closer to z0 in T than
could be expected by the lemma above alone:
Lemma 6. Let 2r(G) − diam(G) = 1; and eccG(x) = diam(G). Then fr(G)−1(x) = z0
or fr(G)(x) = z0
Proof. Assume rst Rr(G)−1x \ F 6= ;. Then some vertex of distance at most r(G)− 2
from x would have to be central, a contradiction to eccG(x) = diam(G) = 2r(G)− 1.
Thus Rr(G)−1x \ F = ;. Let P = p0; p1; : : : ; pt be the path connecting Rr(G)−1x and F .
By the construction of f, p0 2V (Rfr(G)−2(x)). But since F Rr(G)x , there must be some
vertex y such that Ry contains both F and P. Clearly, y is adjacent to fr(G)−2(x), and
y is also central and adjacent to all other central vertices. Thus, fr(G)−2(x) is adjacent
to z0 or adjacent to at least one central neighbor of z0. By the construction of f, there
follows that fr(G)−1(x) = z0 or fr(G)(x) = z0.
6. Proof of Theorem 1
Let x; y2V (G). We have to show dT (x; y)6eccG(x) + 2.
Case 2r(G) = diam(G): By parts (a) and (c) of Lemma 5, ft(x) = z0 for some
t 2feccG(x) − r(G); eccG(x) − r(G) + 1g and the same holds for y. Therefore,
dT (x; y)6eccG(x)− r(G) + 1+ eccG(y)− r(G) + 16eccG(x)− r(G) + 1+ diam(G)−
r(G) + 1 = eccG(x) + 2.
Case 2r(G) − diam(G) = 1: By Lemma 5 and the construction of TC , dT (x; z0)6
eccG(x)− r(G) + 2 and dT (y; z0)6eccG(y)− r(G) + 2. If eccG(y)6diam(G)− 1 we
obtain dT (x; y)6eccG(x) + 4 − 2r(G) + diam(G) − 1 = eccG(x) + 2. If eccG(y) =
diam(G), then we need Lemma 6 to obtain dT (y; z0)6r(G) and dT (x; y)6eccG(x)−
r(G) + 2 + r(G) = eccG(x) + 2.
Case 2r(G)− diam(G)=2: The x{y path on T needs eccG(x)− r(G) steps to reach
C(G) (compare (a) and (b) of Lemma 5), at most four steps to traverse the center,
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Fig. 2. A chordal graph without eccentricity 1-approximating spanning tree.
and at most diam(G)− r(G) steps to reach y. Thus, dT (x; y)6eccG(x)− r(G) + 4 +
diam(G)− r(G) = eccG(x) + 2.
7. Sharpness
The sharpness of the theorem can be seen by the graph in Fig. 2, which has no
eccentricity 1-approximating spanning tree. Note that the degree-1 vertices x2; y2 have
eccentricity 5 in G, and their neighbors x1; y1 have eccentricity 4. All other vertices
have eccentricity 3. Now, assume T is any spanning tree of G. Let P be the x2{y2-path
on T . For every vertex x, let p(x) denote the vertex of P closest to x. We have
eccT (x)>dT (x; p(x)) + maxfdT (p(x); x2); dT (p(x); y2)g. Since p(x) must lie between
x2 and y2, maxfdT (p(x); x2); dT (p(x); y2)g is greater or equal to half of the length
of P.
If P has length 5, then vi1; vi2; vi3 are missing on P for some 16i63. Then
dT (vi3; p(vi3))>2, and eccT (vi3)>5.
If P has length 6, then some vi3; 16i63, is not adjacent to the central vertex of P,
and not on P. If d(vi3; p(vi3)) = 1, then maxfdT (p(vi3); x2); dT (p(vi3); y2)g>4, since
p(vi3) cannot be the central vertex of P. If d(vi3; p(vi3))>2, the trivial bound on
maxfdT (p(vi3); x2); dT (p(vi3); y2)g suces to imply eccT (vi3)>5.
If P has length 7 or more, then it is either Hamiltonian, and therefore too long, or
some vertex vij does not lie on it. Again we get eccT (vij)>5.
8. For further reading
The following references are also of interest to the reader: [4,9].
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